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The osmologial reonstrution sheme for modied F (R) gravity is developed in terms of e-
folding (or, redshift). It is demonstrated how any FRW osmology may emerge from spei F (R)
theory. The spei examples of well-known osmologial evolution are reonstruted, inluding
ΛCDM osmology, deeleration with transition to phantom superaeleration era whih may develop
singularity or be transient. The appliation of this sheme to viable F (R) gravities unifying ination
with dark energy era is proposed. The additional reonstrution of suh models leads to non-
leading gravitational orretion mainly relevant at the early/late universe and helping to pass the
osmologial bounds (if neessary). It is also shown how osmologial reonstrution sheme may
be generalized in the presene of salar eld.
PACS numbers: 95.36.+x, 98.80.Cq, 04.50.Kd, 11.10.Kk, 11.25.-w
I. INTRODUCTION
Modied gravity approah suggests the gravitational alternative for unied desription of ination, dark energy
and dark matter without the need to introdue by hands the inaton and extra dark omponents. Moreover, the easy
explanation of inationary or dark energy phase in suh senario follows: the orresponding era is emerging due to
dominane of the spei gravitational setor in the ourse of the universe expansion. In other words, the early-time
and late-time aeleration is governed by the universe expansion within the spei modied gravity theory. Speial
interest in this gravitational paradigm for the desription of the universe evolution is related with F (R) gravity (for a
general review, see [1℄) due to its quite simple struture if ompare with more general modied gravity whih inludes
all urvature invariants as well as non-loal terms. Nevertheless, even in frames of F (R) gravity the bakground
evolution (due to high non-linearity of the problem) is often non-expliit and/or non-analyti proess. From another
side, any realisti modied gravity should pass not only the loal tests but also the observational osmologial bounds.
To omply with osmologial bounds, the reonstrution program in any modied gravity has been developed [2℄.
The osmologial reonstrution of F (R) gravity has been onsidered in refs.[2, 3, 4, 5℄. It turns out that in most
ases this reonstrution is done in the presene of the auxiliary salar whih may be exluded at the nal step
so that any FRW osmology may be realized within spei reonstruted F (R) gravity. However, the weak point
of so developed reonstrution sheme is that the nal funtion F (R) represents usually some polynomial in the
positive/negative powers of salar urvature. On the same time, the viable models have strongly non-linear struture.
In the present paper we develop the new sheme for osmologial reonstrution of F (R) gravity in terms of e-folding
(or, redshift z) so that there is no need to use more ompliated formulation with auxiliary salar [2, 3, 5℄. Using suh
tehnique the number of examples are presented where F (R) gravity is reonstruted so that it gives the well-known
osmologial evolution: ΛCDM epoh, deeleration/aeleration epoh whih is equivalent to presene of phantom
and non-phantom matter, late-time aeleration with the rossing of phantom-divide line, transient phantom epoh
and osillating universe. It is shown that some generalization of suh tehnique for viable F (R) gravity is possible, so
that loal tests are usually satised. In this way, modied gravity unifying ination, radiation/matter dominane and
dark energy eras may be further reonstruted in the early or in the late universe so that the future evolution may
be dierent. This opens the way to non-linear reonstrution of realisti F (R) gravity. Moreover, it is demonstrated
that osmologial reonstrution of viable modied gravity may help in the formulation of non-singular models in
nite-time future. The reonstrution suggests the way to hange some osmologial preditions of the theory in the
past or in the future so that it beomes easier to pass the available observational data. Finally, we show that our
method works also for modied gravity with salar theory and any requested osmology may be realized within suh
theory too.
∗
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2II. COSMOLOGICAL RECONSTRUCTION OF MODIFIED F (R) GRAVITY
Let us demonstrate that any FRW osmology may be realized in spei F (R) gravity. The starting ation of the
F (R) gravity (for general review, see [1℄) is given by
S =
∫
d4x
√−g
(
F (R)
2κ2
+ Lmatter
)
. (1)
The eld equation orresponding to the rst FRW equation is:
0 = −F (R)
2
+ 3
(
H2 + H˙
)
F ′(R)− 18(
(
4H2H˙ +HH¨
)
F ′′(R) + κ2ρ . (2)
with R = 6H˙ + 12H2. We now rewrite Eq.(2) by using a new variable (whih is often alled e-folding) instead of the
osmologial time t, N = ln aa0 . The variable N is related with the redshift z by e
−N = a0a = 1 + z. Sine
d
dt = H
d
dN
and therefore
d2
dt2 = H
2 d2
dN2 +H
dH
dN
d
dN , one an rewrite (2) by
0 = −F (R)
2
+ 3
(
H2 +HH ′
)
F ′(R)− 18(
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)
F ′′(R) + κ2ρ . (3)
Here H ′ ≡ dH/dN and H ′′ ≡ d2H/dN2. If the matter energy density ρ is given by a sum of the uid densities with
onstant EoS parameter wi, we nd
ρ =
∑
i
ρi0a
−3(1+wi) =
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N . (4)
Let the Hubble rate is given in terms of N via the funtion g(N) as
H = g(N) = g (− ln (1 + z)) . (5)
Then salar urvature takes the form: R = 6g′(N)g(N) + 12g(N)2, whih ould be solved with respet to N as
N = N(R). Then by using (4) and (5), one an rewrite (3) as
0 = −18
(
4g (N (R))3 g′ (N (R)) + g (N (R))2 g′ (N (R))2 + g (N (R))3 g′′ (N (R))
) d2F (R)
dR2
+3
(
g (N (R))
2
+ g′ (N (R)) g (N (R))
) dF (R)
dR
− F (R)
2
+
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N(R) , (6)
whih onstitutes a dierential equation for F (R), where the variable is salar urvature R. Instead of g, if we use
G(N) ≡ g (N)2 = H2, the expression (6) ould be a little bit simplied:
0 = −9G (N (R)) (4G′ (N (R)) +G′′ (N (R))) d
2F (R)
dR2
+
(
3G (N (R)) +
3
2
G′ (N (R))
)
dF (R)
dR
−F (R)
2
+
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N(R) . (7)
Note that the salar urvature is given by R = 3G′(N)+12G(N). Hene, when we nd F (R) satisfying the dierential
equation (6) or (7), suh F (R) theory admits the solution (5). Hene, suh F (R) gravity realizes above osmologial
solution.
As an example, we reonstrut the F (R) gravity whih reprodues the ΛCDM-era but without real matter. In the
Einstein gravity, the FRW equation for the ΛCDM osmology is given by
3
κ2
H2 =
3
κ2
H20 + ρ0a
−3 =
3
κ2
H20 + ρ0a
−3
0 e
−3N . (8)
Here H0 and ρ0 are onstants. The rst term in the r.h.s. orresponds to the osmologial onstant and the seond
term to the old dark matter (CDM). The (eetive) osmologial onstant Λ in the present universe is given by
Λ = 12H20 . Then one gets
G(N) = H20 +
κ2
3
ρ0a
−3
0 e
−3N , (9)
3and R = 3G′(N) + 12G(N) = 12H20 + κ
2ρ0a
−3
0 e
−3N
, whih an be solved with respet to N as follows,
N = −1
3
ln
((
R− 12H20
)
κ2ρ0a
−3
0
)
. (10)
Eq.(7) takes the following form:
0 = 3
(
R− 9H20
) (
R − 12H20
) d2F (R)
d2R
−
(
1
2
R− 9H20
)
dF (R)
dR
− 1
2
F (R) . (11)
By hanging the variable from R to x by x = R
3H20
− 3, Eq.(11) redues to the hypergeometri dierential equation:
0 = x(1 − x)d
2F
dx2
+ (γ − (α+ β + 1)x) dF
dx
− αβF . (12)
Here
γ = −1
2
, α+ β = −1
6
, αβ = −1
6
, (13)
Solution of (12) is given by Gauss' hypergeometri funtion F (α, β, γ;x):
F (x) = AF (α, β, γ;x) +Bx1−γF (α− γ + 1, β − γ + 1, 2− γ;x) . (14)
Here A and B are onstant. Thus, we demonstrated that modied F (R) gravity may desribe the ΛCDM epoh
without the need to introdue the eetive osmologial onstant.
As an another example, we reonstrut F (R) gravity reproduing the system with non-phantommatter and phantom
matter in the Einstein gravity, whose FRW equation is given by
3
κ2
H2 = ρqa
−c + ρpac . (15)
Here ρq, ρp, and c are positive onstants. When a is small as in the early universe, the rst term in the r.h.s.
dominates and it behaves as the universe desribed by the Einstein gravity with a matter whose EoS parameter is
w = −1+ c/3 > −1, that is, non-phantom like. On the other hand, when a is large as in the late universe, the seond
term dominates and behaves as a phantom-like matter with w = −1− c/3 < −1. Then sine G(N) ≡ g (N)2 = H2,
we nd
G = Gqe
−cN +GpecN , Gq ≡ κ
2
3
ρqa
−c
0 , Gp ≡
κ2
3
ρpa
c
0 . (16)
Then sine R = 3G′(N) + 12G(N),
ecN =
R±
√
R2 − 4 (144− 9c2)
2 (12 + 3c)
, (17)
when c 6= 4 and
ecN =
R
24Gp
, (18)
when c = 4. In the following, just for simpliity, we onsider c = 4 ase. In the ase, the non-phantom matter
orresponding to the rst term in the r.h.s. of (15) ould be radiation with w = 1/3. Then Eq.(7) in this ase is given
by
0 = −6
(
24GpGq
R
+
R
24
)
R
d2F (R)
dR2
+
9
2
(
−24GpGq
R
+
R
24
)
dF (R)
dR
− F (R)
2
. (19)
By hanging variable R to x by R2 = −576GpGqx, we an rewrite Eq.(19) as
0 = (1− x)xd
2F
dx2
+
(
3
4
+
x
4
)
dF
dx
− F
2
, (20)
4whose solutions are again given by Gauss' hypergeometri funtion (14) with
γ =
3
4
, α+ β + 1 = −1
4
, αβ =
1
2
. (21)
Let us now study a model where the dominant omponent is phantom-like one. Suh kind of system an be easily
expressed in the standard General Relativity when a phantom uid is onsidered, where the FRW equation reads
H2(t) = κ
2
3 ρph, Here the subsript ph denotes the phantom nature of the uid. As the EoS for the uid is given by
pph = wphρph with wph < −1, by using the onservation equation ρ˙ph+3H(1+wph)ρph = 0, the solution for the FRW
equation H2(t) = κ
2
3 ρph is well known, and it yields a(t) = a0(ts − t)−H0 , where a0 is a onstant, H0 = − 13(1+wph)
and ts is the so-alled Rip time. Then, the solution desribes the Universe that ends at the Big Rip singularity in the
time ts. The same behavior an be ahieved in F (R) theory with no need to introdue a phantom uid. The equation
(7) an be solved and the expression for the F (R) that reprodues the solution is reonstruted. The expression for
the Hubble parameter as a funtion of the number of e-folds is given by H2(N) = H20e
2N/H0
. Then, the equation (7),
with no matter ontribution, takes the form:
R2
d2F (R)
dR2
+AR
dF (R)
dR
+BF (R) = 0 , (22)
where A = −H0(1 +H0) and B = (1+2H0)2 . This equation is the well known Euler equation whose solution yields
F (R) = C1R
m+ + C2R
m
− , where m± =
1−A±
√
(A− 1)2 − 4B
2
. (23)
Thus, the phantom dark energy osmology a(t) = a0(ts− t)−H0 an be also obtained in the frame of F (R) theory and
no phantom uid is needed.
We an onsider now the model where the transition to the phantom epoh ours. It has been pointed out that
F (R) ould behave as an eetive osmologial onstant, suh that its urrent observed value is well reprodued. One
an reonstrut the model where late-time aeleration is reprodued by an eetive osmologial onstant and then
the phantom barrier is rossed (see ref.[5℄ for suh reonstrution in the presene of auxiliary salar). Suh transition,
whih may take plae at urrent time, ould be ahieved in F (R) gravity. The solution onsidered an be expressed
as:
H2 = H1
(
a
a0
)m
+H0 = H1e
mN +H0 , (24)
where H1,H0 and α are positive onstants. This solution an be onstruted in GR when a osmologial onstant and
a phantom uid are inluded. In the present ase, the solution (24) an be ahieved just by an F (R) funtion, suh
that the transition from non-phantom to phantom epoh is reprodued. Salar urvature an be written in terms of
the number of e-folds again. Then, the equation (7) takes the form:
x(1 − x)F ′′(x) +
[
x
(
−6 +m
6m
)
− 1
3m
]
F ′(x)− m+ 4
m
F (x) = 0 , (25)
where x = 13H0(m+4) (12H0 − R). The equation (25) redues to the hypergeometri dierential equation (14), so
the solution is given, as in some of the examples studied above, by the Gauss' hypergeometri funtion (15), whose
parameters for this ase are given by
γ = − 1
3m
, α+ β = −3m+ 2
2m
, αβ =
m+ 4
2m
, (26)
and the obtained F (R) gravity produes the FRW osmology with the late-time rossing of the phantom barrier in
the universe evolution.
Another example with transient phantom behavior in F (R) gravity an be ahieved by following the same reon-
strution desribed above. In this ase, we onsider the following Hubble parameter:
H2(N) = H0 ln
(
a
a0
)
+H1 = H0N +H1 , (27)
5where H0 and H1 are positive onstants. For this model, we have a ontribution of an eetive osmologial onstant,
and a term that will produe a superaelerating phase although no future singularity will take plae(ompare with
earlier model [6℄ with transient phantom era). The solution for the model (27) an be expressed as a funtion of time
H(t) =
a0H0
2
(t− t0) (28)
Then, the Universe is superaelerating, but as it an be seen from (28), in spite of its phantom nature, no future
singularity ours. The dierential reonstrution equation an be obtained as
a2x
d2F (x)
dx
+ (a1x+ b1)
dF (x)
dx
+ b0F (x) = 0 , (29)
where we have performed a variable hange x = H0N +H1, and the onstant parameters are a2 = H
2
0 , a1 = −H0
b1 = −H
2
0
2 and b0 = 2H0. The equation (29) is a kind of the degenerate hypergeometri equation, whose solutions are
given by the Kummers series K(a, b;x):
F (R) = K
(
−2,− 1
2H0
;
R − 3H0
12
)
. (30)
Hene, suh F (R) gravity has osmologial solution with the transient phantom behavior whih does not evolve to
future singularity.
Let us now onsider the ase where a future ontrating Universe is reonstruted in this kind of models. We study
a model where the universe is urrently aelerating, then the future ontration of the Universe ours. The following
solution for the Hubble parameter is onsidered,
H(t) = 2H1(t0 − t) , (31)
where H1 and t0 are positive onstants. For this example, the Hubble parameter (31) turns negative for t > t0,
when the Universe starts to ontrat itself, while for t ≪ t0, the osmology is typially ΛCDM one. Using notations
H˜0 = 4H1t
2
0 and H˜1 = 4H1 and repeating the above alulation, one gets:
F (R) = K
(
−8H˜1,− H˜1
8
;
12H˜0 − 3H˜1 −R
12H˜1
)
. (32)
Hene, the osillating osmology (31) that desribes the asymptotially ontrating Universe with a urrent aelerated
epoh an be found in spei F (R) gravity.
Thus, we expliitly demonstrated that F (R) gravity reonstrution is possible for any osmology under onsideration
without the need to introdue the auxiliary salar. However, the obtained modied gravity has typially polynomial
struture with terms whih ontain positive and negative powers of urvature as in the rst suh model unifying the
early-time ination and late-time aeleration [7℄. As a rule suh models do not pass all the loal gravitational tests.
Some generalization of above osmologial reonstrution is neessary.
III. COSMOLOGICAL RECONSTRUCTION OF VIABLE F (R) GRAVITY
In this setion, we show how the osmologial reonstrution may be applied to viable modied gravity whih passes
the loal gravitational tests. In this way, the non-linear struture of modied F (R) gravity may be aounted for,
unlike the previous setion where only polynomial F (R) strutures may be reonstruted. Let us write F (R) (1) in
the following form: F (R) = F0(R) + F1(R). Here we hoose F0(R) as a known funtion like that of GR or one of
viable F (R) models introdued in [8℄, or viable F (R) theories unifying ination with dark energy [9, 10℄, for example
F0(R) =
1
2κ2

R − (R−R0)2n+1 +R2n+10
f0 + f1
{
(R−R0)2n+1 +R2n+10
}

 . (33)
6Using the proedure similar to the one of seond setion, one gets the reonstrution equation orresponding to (7)
0 = −9G (N (R)) (4G′ (N (R)) +G′′ (N (R))) d
2F0(R)
dR2
+
(
3G (N (R)) +
3
2
G′ (N (R))
)
dF0(R)
dR
−F0(R)
2
−9G (N (R)) (4G′ (N (R)) +G′′ (N (R))) d
2F1(R)
dR2
+
(
3G (N (R)) +
3
2
G′ (N (R))
)
dF1(R)
dR
−F1(R)
2
+
∑
i
ρi0a
−3(1+wi)
0 e
−3(1+wi)N(R) . (34)
The above equation an be regarded as a dierential equation for F1(R). For a given G(N) or g(N) (5), if one an
solve (7)) as F (R) = Fˆ (R), we also nd the solution of (34) as F1(R) = Fˆ (R) − F0(R). For example, for G(N) (9),
by using (14), we nd
F1(R) = AF (α, β, γ;x) +Bx
1−γF (α− γ + 1, β − γ + 1, 2− γ;x)− F0(R) . (35)
Here α, β, γ, and x are given by x = R
3H20
− 3 and (13). Using F0(R) (33) one has
F1(R) = AF (α, β, γ;x)+Bx
1−γF (α−γ+1, β−γ+1, 2−γ;x)− 1
2κ2

R− (R−R0)2n+1 +R2n+10
f0 + f1
{
(R−R0)2n+1 +R2n+10
}

 , (36)
whih desribes the asymptotially de Sitter universe. Instead of x = R
3H20
− 3 and (13), if we hoose α, β, γ, and x
as R2 = −576GpGqx and in (21), F1(R) (36) shows the asymptotially phantom universe behavior, where H diverges
in future.
One may start from F0(R) given by hypergeometri funtion (14) with x =
1
3H0(m+4)
(12H0 − R) and (26). In
suh a model, there ours Big Rip singularity. Let F˜ (R) be F (R) again given by hypergeometri funtion (14) with
x = R
3H20
− 3 and (13):
F˜ (R) = A˜F (α˜, β˜, γ˜; x˜) + B˜x˜1−γ˜F (α˜− γ˜ + 1, β˜ − γ˜ + 1, 2− γ˜; x˜) ,
x˜ =
R
3H20
− 3 , γ˜ = −1
2
, α˜+ β˜ = −1
6
, α˜β˜ = −1
6
. (37)
If we hoose F (R) = F˜ (R), the ΛCDM model emerges. Then hoosing F1(R) = F˜ (R)−F0(R), the Big Rip singularity,
whih ours in F0(R) model, does not appear and the universe beomes asymptotially de Sitter spae. Hene, the
reonstrution method suggests the way to reate the non-singular modied gravity models [5, 6, 11℄. Of ourse, it
should be heked that reonstrution term is not large (or it aets only the very early-time/late-time universe) so
that the theory passes the loal tests as it was before the adding of orretion term.
Gauss' hypergeometri funtion F (α, β, γ;x) is dened by
F (α, β, γ;x) =
Γ(γ)
Γ(α)Γ(β)
∞∑
n=0
Γ(α+ n)Γ(β + n)
Γ(γ + n)n!
zn . (38)
Sine
α0, β0 =
−3m− 2±
√
m2 − 20m+ 4
4m
< 0 , α˜, β˜ =
−1± 5
12
, (39)
when R is large, F1(R) behaves as F1(R) ∼ R(3m+2+
√
m2−20m+4)/4m
. In spite of the above expression, sine the total
F (R) = F0(R) + F1(R) is given by F˜ (R) (37), the Big Rip type singularity does not our. The asymptoti behavior
of F1(R) anels the large R behavior in F0(R) suggesting the way to present the non-singular osmologial evolution.
We now onsider the ase that H and therefore G osillate as
G(N) = G0 +G1 sin
(
N
N0
)
, (40)
7with positive onstants G0, G1, and N0. Let the amplitude of the osillation is small but the frequeny is large:
G0 ≫ G1
N0
, N0 ≫ 1 . (41)
When G1 = 0, we obtain de Sitter spae, where the salar urvature is a onstant R = 12G0. Writing G(N) as
G =
R
6
−G0 , (42)
by using (7), one arrives at general relativity:
F (R) = c0 (R− 6G0) . (43)
Instead of (42), using an arbitrary funtion F˜ , if we write
G = G0 + F˜ (R)− F˜ (12G0) , (44)
we obtain a general F (R) gravity, whih admits de Sitter spae solution. When G1 6= 0, under the assumption (41),
one may identify F (R) in (43) with F0(R). We now write G(N) and the salar urvature R as
G(N) =
R
6
−G0 + G1
N0
g(N) , R = 12G0 +
3G1
N0
r(N) , (45)
with adequate funtions g(N) and r(N). Then sine R = 6g′(N)g(N) + 12g(N)2 and from (41), we nd
g(N) = −
(
N0 sin
N
N0
+
1
2
cos
N
N0
)
, r(N) = 4N0 sin
N
N0
+ cos
N
N0
(46)
By assuming
F (R) = c0
(
R− 6G0 + G
2
1
N30
f(R)
)
, (47)
and identifying
F1(R) =
c0G
2
1
N30
f(R) , (48)
from (34), one obtains
0 = G0
df
dr
− sin
(
N
N0
)
+ o
(
G1
N0
, N0
)
, (49)
whih an be solved as
f(R) = − 1
2G0
(
cos−1 r ∓ r
√
1− r2
)
. (50)
Then at least perturbatively, one an onstrut a model whih exhibits the osillation of H .
Before going further, let us nd F (R) equivalent to the Einstein gravity with a perfet uid with a onstant EoS
parameter w, where H behaves as
3
κ2
H2 = ρ0e
−3(w+1) . (51)
Then
G(N) =
κ2ρ0
3
e−3(w+1) , R(N) = (1− 3w)κ2ρ0e−3(w+1) , (52)
whih ould be solved as
N = − 1
3(w + 1)
ln
R
(1− 3w) κ2ρ0 . (53)
8Therefore Eq.(7) has the following form:
0 =
3(1 + w)
1− 3w R
2 d
2F (R)
dR2
− 1 + 3w
2(1− 3w)R
dF (R)
dR
− F (R)
2
, (54)
whose solutions are given by a sum of powers of R
F (R) = F+R
n+ + F−Rn− . (55)
Here F± are onstants of integration and n± are given by
n± =
1
2

 7 + 9w6(1 + w) ±
√(
7 + 9w
6(1 + w)
)2
+
2(1− 3w)
3(1 + w)

 . (56)
If w > −1/3, the universe is deelerating but if −1 < w < −1/3, the universe is aelerating as in the quintessene
senario.
By using the solution (14), whih mimis ΛCDM model, and the solution (55), one may onsider the following
model:
F (x) =
{
AF (α, β, γ;x) +Bx1−γF (α− γ + 1, β − γ + 1, 2− γ;x)} eλ
“
R
R1
−R1
R
”
e
λ
“
R
R1
−R1
R
”
+ e
−λ
“
R
R1
−R1
R
” + F+Rn+ + F−Rn− .
(57)
Here R1 is a onstant whih is suiently small ompared with the urvature R0 in the present universe. On the
other hand, we hoose a positive onstant λ to be large enough. We also hoose F± to be small enough so that only
the rst term dominates when R≫ R1. Note that the fator e
λ( RR1 −
R1
R )
e
λ( RR1 −
R1
R )+e−λ(
R
R1
−
R1
R )
behaves as step funtion when
λ is large:
lim
λ→+∞
e
λ
“
R
R1
−R1
R
”
e
λ
“
R
R1
−R1
R
”
+ e
−λ
“
R
R1
−R1
R
” = θ(R−R1) ≡
{
1 when R > R1
0 when R < R1
. (58)
Then in the early universe and in the present universe, only the rst term dominates and the ΛCDM universe ould
be reprodued. In the future universe where R ≪ R1, the fator e
λ( RR1 −1)
e
λ( RR1 −1)+e−λ(
R
R1
−1)
dereases very rapidly and the
seond terms in (57) dominate. Then if w > −1/3, the universe deelerates again but if −1 < w < −1/3, the universe
will be aelerating as in the quintessene senario.
Thus, we expliitly demonstrated that the viable F (R) gravitymay be reonstruted so that any requested osmology
may be realized after the reonstrution. Moreover, one an use the viable F (R) gravity unifying the early-time
ination with late-time aeleration (and manifesting the radiation/matter dominane era between aelerations) and
passing loal tests in suh a sheme. The (small) orretion term F1(R) an be always onstruted so that it slightly
orrets (if neessary) the osmologial bounds being relevant only at the very early/late universe. This senario
opens the way to extremely realisti desription of the universe evolution in F (R) gravity onsistent with loal tests
and osmologial bounds.
IV. RECONSTRUCTION OF MODIFIED GRAVITY WITH EXTRA SCALAR
We now onsider the reonstrution of F (R)-gravity oupled with a salar eld, whose ation is given by
S =
∫
d4x
√−g
(
F (R)
2κ2
− 1
2
∂µφ∂
µφ− V (φ) + Lmatter
)
. (59)
Let us redene the salar eld as φ = φ(ϕ),
S =
∫
d4x
√−g
(
F (R)
2κ2
− ω(ϕ)
2
∂µϕ∂
µϕ− V˜ (ϕ) + Lmatter
)
. (60)
9Here
ω(ϕ) ≡
(
dφ(ϕ)
dϕ
)2
, V˜ (ϕ) ≡ V (φ (ϕ)) . (61)
If φ only depends on the time-oordinate t or e-folding N , we may hoose ϕ = t or ϕ = N .
Then the equations orresponding to the rst and seond FRW equations have the following form
0 = −F (R)
2
+ 3
(
H2 +HH ′
)
F ′(R)− 18
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)
F ′′(R)
+κ2
(
H2ω(ϕ) (ϕ′)2
2
+ V˜ (ϕ)
)
+
∑
i
κ2ρi0a
−3(1+wi)
0 e
−3(1+wi)N , (62)
0 =
F (R)
2
− (3H2 +HH ′)F ′(R) + 6(16H3H ′ − 4H2 (H ′)2 −H (H ′)3 − 4H2H ′H ′′ −H3H ′′′)F ′′(R)
−36
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)(
(H ′)2 +HH ′′ + 4HH ′
)
F ′′′(R)
+κ2
(
H2ω(ϕ) (ϕ′)2
2
− V˜ (ϕ)
)
+
∑
i
κ2wiρi0a
−3(1+wi)
0 e
−3(1+wi)N , (63)
whih an be rewritten as
κ2ω(ϕ) (ϕ′)2 =
{
−2HH ′F ′(R) + 6
(
−4H3H ′ + 7H2 (H ′)2 +H (H ′)3 + 4H2H ′H ′′ +H3H ′′′ + 3H3H ′′
)
F ′′(R)
−36
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)(
(H ′)2 +HH ′′ + 4HH ′
)
F ′′′(R)
+
∑
i
κ2 (1 + wi) ρi0a
−3(1+wi)
0 e
−3(1+wi)N
}
1
H2
, (64)
2κ2V˜ (ϕ) = F (R) +
(−6H2 − 4HH ′)F ′(R)
+6
(
28H3H ′ −H2 (H ′)2 −H (H ′)3 − 4H2H ′H ′′ +H3H ′′′ − 3H3H ′′
)
F ′′(R)
+36
(
4H3H ′ +H2 (H ′)2 +H3H ′′
)(
(H ′)2 +HH ′′ + 4HH ′
)
F ′′′(R)
+
∑
i
κ2 (1− wi) ρi0a−3(1+wi)0 e−3(1+wi)N . (65)
Then if we onsider the model given by an adequate funtion K = K(ϕ),
κ2ω(ϕ) =
{−2K(ϕ)K ′(ϕ)F ′ (6K(ϕ)K ′(ϕ) + 12K(ϕ)2)
+6
(−4K(ϕ)3K ′(ϕ) + 7K(ϕ)2K ′(ϕ)2 +K(ϕ)K ′(ϕ)3 + 4K(ϕ)2K ′(ϕ)K ′′(ϕ) +K(ϕ)3K ′′′(ϕ)
+3K(ϕ)3K ′′(ϕ)
)
F ′′
(
6K(ϕ)K ′(ϕ) + 12K(ϕ)2
)
−36 (4K(ϕ)3K ′(ϕ) +K(ϕ)2K ′(ϕ)2 +K(ϕ)3K ′′(ϕ)) (K ′(ϕ)2 +K(ϕ)K ′′(ϕ) + 4K(ϕ)K ′(ϕ))
×F ′′′ (6K(ϕ)K ′(ϕ) + 12K(ϕ)2)+∑
i
κ2 (1 + wi) ρi0a
−3(1+wi)
0 e
−3(1+wi)ϕ
}
1
K(ϕ)2
, (66)
2κ2V˜ (ϕ) = F
(
6K(ϕ)K ′(ϕ) + 12K(ϕ)2
)
+
(−6K(ϕ)2 − 4K(ϕ)K ′(ϕ))F ′ (6K(ϕ)K ′(ϕ) + 12K(ϕ)2)
+6
(
28K(ϕ)3K ′(ϕ)−K(ϕ)2K ′(ϕ)2 −K(ϕ)K ′(ϕ)3 − 4K(ϕ)2K ′(ϕ)K ′′(ϕ) +K(ϕ)3K ′′′(ϕ)
−3K(ϕ)3K ′′(ϕ))F ′′ (6K(ϕ)K ′(ϕ) + 12K(ϕ)2)
+36
(
4K(ϕ)3K ′(ϕ) +K(ϕ)2K ′(ϕ)2 +K(ϕ)3K ′′(ϕ)
) (
K ′(ϕ)2 +K(ϕ)K ′′(ϕ) + 4K(ϕ)K ′(ϕ)
)
×F ′′′ (6K(ϕ)K ′(ϕ) + 12K(ϕ)2)+∑
i
κ2 (1− wi) ρi0a−3(1+wi)0 e−3(1+wi)ϕ , (67)
we nd a solution is given by
H(N) = K(N) , ϕ = N . (68)
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Hene, it is demonstrated that reonstrution an be extended to the ase when modied gravity ouples with some
salar eld. Note that extra salar may be neessary in the situation when some of osmologial bounds (for instane,
osmologial perturbations theory whih is extremely ompliated in F (R) gravity, for a review, see [12℄) annot be
passed within only modied gravity. So far, this is not the ase and modied gravity whih passes loal tests and
osmologial bounds is available [8, 9, 10℄.
V. DISCUSSION
In summary, we developed general sheme for osmologial reonstrution of modied F (R) gravity in terms of
e-folding (or redshift) without use of auxiliary salar in intermediate alulations. Using this method, it is possible
to onstrut the spei modied gravity whih ontains any requested FRW osmology. The number of F (R)
gravity examples is found where the following bakground evolution may be realized:ΛCDM epoh, deeleration
with subsequent transition to eetive phantom superaeleration leading to Big Rip singularity, deeleration with
transition to transient phantom phase without future singularity, osillating universe. It is important that all these
osmologies may be realized only by modied gravity without use of any dark omponents (osmologial onstant,
phantom, quintessene, et).
It is shown that our method may be applied to viable F (R) gravities whih pass loal tests and unify the early-
time ination with late-time aeleration. In this ase, the additional reonstrution may be made so that orretion
term is not large and it is relevant only in the very early/very late universe. Hene, the purpose of suh additional
reonstrution is only to improve the osmologial preditions if the original theory does not pass orretly the preise
observational osmologial bounds. For instane, in this way it is possible to formulate the modied gravity without
nite-time future singularity. It is also demonstrated that the reonstrution sheme may be generalized for the ase
of modied gravity with salar eld.
The present reonstrution formulation shows that even if spei realisti modied gravity does not pass orretly
some osmologial bounds (for instane, does not lead to orret osmologial perturbations struture) it may be
improved with eventually desirable result. Hene, the suessful development of suh method adds very strong
argument in favour of unied gravitational alternative for ination, dark energy and dark matter.
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